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Abstract  
 
For a long time, deterministic approaches have been taking account of model uncertainty 
(also called model-form uncertainty) through model coefficients. However, the model 
coefficient is not rigorously defined in the deterministic approach. 
Following Ditlevsen’s approach, this paper reminds that it is acceptable to propose a 
probabilistic representation of model uncertainty.A variety of probabilistic modellings for 
model uncertainty appear in the literature. Some common issues can be pointed out. All 
modellings include unknown parameters as well as a residual error term. These 
parameters,likely to be calibrated to improve the predictability of the model, are 
incorporated either to the base model, or, in the most common representation, to a corrective 
term representing the systematic bias of the base model. The paper presents these two main 
modellings, as well as a proposal of more general representation and an overview of some 
common simplifications. This work was an input to the SICODYN funded research project 
aiming at a better predictivity of structural dynamics models.Some indications about the 
three main uncertainty treatment methodologies applied in this project are given. 
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1. Introduction 
 
The basic uncertainty source considered in Structural Reliability Assessments (SRAs) is the 
physical uncertainty (also called environmental uncertainty), related to the input non 
deterministic variables of the physical-mathematical model. Model uncertainty (also called 
model-form uncertainty) is one among various other uncertainty sources in SRA [MEL 99].  
Model uncertainty has been considered in deterministic approaches for a long time: many 
codified design rules include model coefficients (margins). A review of the scientific 
literature in this area confirms that model uncertainty is not a prevailing research topic in 
SRA: in SRA the mathematical model of the structural physical behavior to failure is 
considered as an input to the analysis, as well as the corresponding deterministic analysis. 
However, model uncertainty has been a constant concern for the last 3 decades in the SRA 
researchers‟ community and is considered with growing interest, especially for risk-sensitive 
industries; one reason may be that for some structures (dams, big bridges[CRE 03]) a failure 
experience feedback is available and shows that observed failure frequencies may differ 
significantly from the corresponding calculated failure probabilities. 
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This work is a partial presentation of a methodological contribution to the SICODYN project 
to address the issue of the modelling of model uncertainty. 
 
2. Observation of the numerical variability v.s. a priori 
estimation of numerical uncertainty in the SICODYN 
Research Project 
 
The idea underlying the SICODYN project is to give easy tools, based on tested 
methodologies, to a priori estimate the confidence associated to a dynamical simulation-based 
prediction. In other words, the objective of this project is to evaluate and to improve the 
predictivity of mechanical models, in the field of dynamic analysis of complex industrial 
structures. The quantities of interest are the modal characteristics of the mechanical system 
(eigenfrequency, modeshapes and modal damping).  
 
On one hand, experimental benchmarks based on laboratory and in-situ measurement 
campaigns permit the quantification of experimental variability, related to nominally-
identical structures or due to operator and modal identification methodology (Part 2). On the 
other hand, a numerical benchmark (Part 3) on the pump assembly considered in its work 
environment (complex boundary conditions that are frame fixed in concrete and connections 
with suction and delivery pipes) leads to observe the total numerical variability, which takes 
into account the parametric and model form uncertainty. This benchmark exercise is 
performed by 7 partner teams taking their own modelling assumptions (e.g. for component 
connections and boundary conditions). Part 4 is devoted to test-analysis correlation and 
model updating, using notably a collection of numerical results and a collection of 
experimental measurements [OBE 06]. Methods to elaborate the best-estimate model, which 
both insures fidelity to measured data and robustness relatively to uncertainties are 
comparatively tested. Moreover (Part 5), both parametric and non parametric methods are 
confronted in order to quantify the uncertainties, either in a deterministic (method of 
intervals…) or probabilistic context [AUD 11]. Then the observed (via the benchmark) and 
simulated (in Part 5) numerical variabilities will be compared. The most appropriate 
uncertainty quantification methods to a priori represent the observed numerical variability, 
from an industrial point of view, will be selected and possibly derived in simple safety 
coefficients and margins applied in classes of dynamical problems to determine, or simple 
tools usable in industrial context. 
 
3. Definition, nature and origin of the model uncertainty 
 
The general procedure of Verification & Validation of models has been initiated by the 
ASME and has spread to many physical areas, resulting in common notions and practices. 
Some definitions given in [AUD 12] can be mentioned to give a basis to the current 
framework. 
 
Mathematical model: set of mathematical relationships representing a physical 
phenomenon consistently with the underlying scientific theories. 
 
Numerical model: discretized version representing the mathematical model on the computer. 
 
Verification:  a process that determines if the numerical model obtained by 
discretization of the mathematical model of the physical phenomenon and the concerned 
computer code can be used to represent the mathematical model with sufficient accuracy. 
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Model verificationaims to answer the question: „„Are we solving the equationsright?‟‟[ATA 
12]. 
 
Validation:  a process that determines if a model for a physical phenomenon represents 
the real physical phenomenon with sufficient precision, from the perspective of the end use of 
the model. This step responds to the following question: "Are we solving the right 
equations?”[ATA 12]. The validation phase may include a comparison of the simulations 
with experimental data results. It is mainly relative to the physic-mathematical model. 
 
One can add an extra step: the model calibration, possibly followed by another validation 
step.  This model calibration step consists in introducing parameters (variables) in the model 
and optimizing them so that the calibrated model be more in agreement with experiment of 
reference (in general). It is designed to reduce the uncertainty of the physic-mathematical 
model. 
 
Note, however that this fidelity to the experimental data is sometimes considered inadequate 
to ensure the credibility of a model and in particular to prejudge its representativeness beyond 
its strict sphere of validity. 
 
One can see that some of the sources of model uncertainty are voluntary simplifications 
(voluntarily omitted variables, linearity assumption, neglected interactions), which makes 
them reducible at least in theory but not in practice necessarily. Thence follows the mixed 
nature of model uncertainty. These voluntary simplifications may be due either to a search of 
good compromise between faithful representation of reality and industrial feasibility of the 
corresponding probability study, either to a desire for conservatism of model combined with a 
more simple formulation. In the case of willfulness, it rather corresponds to a model error, to 
distinguish from epistemic uncertainty resulting from anunavoidable lack of knowledge. 
 
This paper focuses on the mathematical model, since the numerical uncertainty is often 
considered as lower than the physic-mathematical uncertainty. Consequently, it is more 
concerned with validation than verification. 
 
Twomain sources ofuncertaintyrelatingto physic-mathematicalmodellingwere 
identifiedintheliterature andarecommonlyallowed: 
 
 hiddenorvoluntarilyomittedvariables(reduceddimension); 
 approximatemathematicalformulation(e.gassumptionoflinearity,omissionofthestructur
aldependenciesbetweenvariables(crosseffects),discardinglocal or particular physical 
phenomena). 
This paper investigates the variety of existing representations of model uncertainty in 
structural reliability models. The general frame is the multiplicative or additive adjustment 
factor. A simple example is the model coefficient(s) used in the deterministic approach (e.g. 
codes and standards in civil engineering). In the semi-probabilistic approach, these 
coefficients can be directly related to corresponding uncertain variables. 
 
4. A general modelling framework 
 
Mathematical modelling is present in all areas of science and engineering, in particular in the 
field of risk analysis, where the model is a simplified representation of a particular aspect of a 
complex reality. In this area, the mathematical models are used to predict some properties 
(and their development) of the considered systems [NIL 03], and model uncertainty sources 
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are similar to those identified above in Structural Reliability: limitations in knowledge of the 
phenomenon, deliberate simplifications.   
 
A general form of quantified model uncertainty is proposed [NIL 03, ZIO 96], this is the 
approach by adjustment factor, however limited to the case of not deliberate simplifications. 
The principle of this approach is to use the best available model, noted Y*, and compensate 
for the error by the introduction of an adjustment factor E. 
 
This adjustment factor can be additive (Ea) oumultiplicative (Em). If Y denotes the real 
output, it comes: 
 
Y = Y* + Ea 
or 
Y = Y*. Em 
(1) 
 
In the case where we consider that Y* corresponds in fact to a vector of outputs of the model 
itself (e.g. the limit state function G (X)), and that this output is probabilistic, it is justified, if 
one accepts this type of representation, to assume that the adjustment factor is also 
probabilistic. 
 
 
5. Deterministic approach: example of the model 
coefficient in Civil Engineering 
5.1 General notion of safety factor 
 
The safety factor is a concept linked to the deterministic approach: it covers the residual 
uncertainties on a global basis (or at least some of them), residual uncertainties being those 
which are not already included in the choice penalizing representative values of the model 
input quantities considered as variable. As such, it is sometimes called coefficient of 
ignorance. It is a widespread concept used in many different industrial areas. 
 
In fact, the safety factor should be noted as primarily a number validated by the experience 
which, associated with a choice of data, a scenario of default and a rule of design, leads to a 
generally satisfactory design [LEM 09].  Indeed, the safety factor is associated with reference 
values (or even representative values) defined more or less accurately. These values are 
generally called characteristic values. On these representative values the safety factor is 
applied. In the basic case Resistance / Loadeffect (load acting on the structure), the rule of 
structural verification can be written:  
Rd>Sd 
where Rd and Sd are the design values of resistance and load effect (effect of action). 
Equivalently, this rule can be written:  
Rk / Sk>k 
whereRk and Sk are representative (characteristic) of resistance and load effect, and k is the 
safety factor associated with these values. 
 
5.2 Particular meaning of the model coefficient 
 
For a long time, deterministic approaches have been taking account of model uncertainty 
through model coefficients (applied to resistance and/or load variables), which are sometimes 
included in standards or regulatory procedures.  
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For some, model uncertainty covers also, besides the adequacy between the predictions of a 
model and the reality of the behavior of nature, measurement uncertainties [KOV 00]. In this 
case, the model coefficient should also cover this type of uncertainty. In addition, it should be 
noted, at least in some cases, that inpractice the model coefficient is supposed to cover 'some' 
uncertainties little or no quantifiable (and often heavily represented in a probabilistic way), 
considered as mainly due to the human factor [KOV 00]. However, taking into account or 
reducing these uncertainties are normally done by other methods (quality assurance, training, 
professional documentation, rules of operation...). Finally, it can be noted that when 
considering a limit state defined as a threshold crossing (type E ≤ C where E refers to the 
effect of the actions), the value of the C threshold generally takes into account the model 
uncertainty [KOV 00]. 
It comes that the model coefficient is not rigorously defined in the deterministic approach: it 
can in practice cover uncertainties that are not due to modelling, and model uncertainties may 
be covered by other methods. 
 
5.3 Evaluation of model coefficients in civil engineering 
 
Similar studies have been performed for construction works out of the scope of the 
EUROCODES, as marine structures or waterways. In this context, [KOV 00] applies the 
approach undertaken to calculate the model coefficient, denoted as F3, used in the French 
regulations applicable at the time of the study. This coefficient should cover the uncertainties 
relating to the determination of effects of actions. A decomposition of the model uncertainty 
for different structures (concrete or steel) is presented in the table below. 
 
Table 1 – Decomposition of model uncertainty for various types of structures 
Sources of uncertainty Concrete structures Metal structures 
Differences between the 
computational schemes and the 
real distribution of action effects 
in a quasi-elastic state  
8%  5%  
Numerical Approximations  2%  2%  
Imprecisions in execution 5%  2%  
Artefacts, unwanted phenomena 
and other uncertainties  
8%  5%  
Distribution of actions  0,25 . d si d ≤ 0,20  
0,05 si d ≥ 0,20  
(d is the coefficient of variation of the maximum value 
of the action for a 50 years period)  
Total  10% to 15%  7% to 10%  
 
6. Model uncertainty: a probabilistic representation is 
justified 
 
This part refers to early works of Ditlevsen[DIT 82], which can be considered as a theoretical 
reference in structural reliability on the problem of model uncertainty, in any case the oldest 
received up to us. A precise argument is developed to justify to represent uncertainty in 
model in probabilistic form, with the aim of a pragmatic model always using the judgment of 
engineer and professional practices. This argument considers that, for each of the two sources 
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of model uncertainty mentioned at §2, it is possible to represent its impact in a probabilistic 
manner.  
 
Indeed, the idealized problem corresponds to a formulation based on a limited number of 
physical random basic variables (dimension n) and a mathematical formulation of the limit 
state function. For the first source of uncertainty (limitation of the number of random 
variables), we can consider that the limit state surface separating failure set and safe set 
corresponds to a particular realization of the hidden variables that have been neglected in the 
analysis (because they were considered as little important, or that their role is ignored (and 
therefore presumably limited)). For another realization of these variables, the limit state 
surface will be another surface slightly different from the idealized surface selected. The 'real' 
limit state surface can therefore be seen as an unknown disturbance of the idealized surface 
for which occurs analysis. The evaluation of model uncertainty consists in getting 
information about all the possible disturbances (i.e. a field of possible variation for the limit 
state surface). The position of the 'real' limit state surface is so random, and Ditlevsen[DIT 
82]proposes a pragmatic approach to evaluate the associated law of probability, since the 
experimental verification of this uncertainty is almost impracticable beyond the second order 
moment. An illustration of this reasoning is given on figure 1. 
 
Figure 1 – Representation of the idealized limit state surface, of a given disturbance of this 
surface, and of the real surface (supposed to be known in this case) 
 
 
An identical reasoning seems to apply at first sight also for the 2
nd
 source of model 
uncertainty, i.e. the model uncertainty from the idealized selection of the mathematical 
expression of the model (e.g. linearity, ignored interactions), in any case when the real form 
of the model is not known.The lack of knowledge on the 'real' model prompts there also to 
consider the 'real' limit stat surface as an (unknown) disturbance of the idealized surface. 
However, it should be noted that, in practice, there are a finite number of potentially relevant 
models, particularly when assessments by benchmark comparisons are made; in this case, the 
probabilistic description (at least in the form of a continuous distortion of the surface of 
failure) is no longer suitable. However, one can also consider that the potential number of 
acceptable models is high, because these engineering models have sequences of assumptions 
Idealized surface Gi(X) =0 
X1 
X
2 
A given disturbed 
surface Gp(X) =0 
Failure set  G(X) ≤ 0 
Real surface 
Gr(X) =0 
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subject potentially to a combinatorial explosion [DEV 98]; in this case it becomes possible to 
consider the use of a probabilistic representation. However, it should be noted that even in 
this case, the issue of the selection of model can lead to dismiss many of these 'variants' of a 
priori possible models. 
 
7. Some probabilistic representations 
 
The review presented in this section is not exhaustive. It is limited to two popular 
expressions. In particular, some simplified versions exist. 
 
7.1  First common expression: corrective term including a 
bias 
 
This expression can be found in [GAR 02, PER 08] for a scalar model (namely in the case of 
a structural seismic capacity, but the expression is general). It reads: 
 
Y(X,ϴ) = 𝐺(X) + (X, θ) + σmod . εmod (2) 
 
where : 
 
 θ = (θ1, θ2, …, θp) denotes the set of the unknown model parameters included in the 
corrective term; 
 εmod denotes a random variable (centered and standardized) representing the residual 
error term; 
 σmod denotes the standard deviation of the model error; 
 ϴ = (θ, σmod) denotes the comprehensive set of the unknown parameters; 
 (X, θ) denotes the corrective term representing the bias inherent to the deterministic 
model, considered as a function of the basic model variables X and of the θi 
parameters; 
 𝐺(X)denotes the deterministic selected base model. 
 
This expression suits well to the general tendency where new model development is avoided, 
and where the idealized model, in general a commonly accepted model, is considered as a 
basis, to which a corrective term can be added. 
However, as will be seen in the sequel, the term (X, θ) may in fact include terms thatappear 
in the function 𝐺(X) (for example to test whether some effects have been correctly 
estimated).  
This expression can be generalized without difficulty in the multidimensional case ( is then 
a covariance matrix). The vector X of the random variables of the deterministic model 
database chosen can generally be broken down into two sub-vectors X = (r, s), where r is a 
vector containing variables of 'resistance' type (i.e. which increases lead to an increase of 
reliability), and s load type variables (i.e. which increases lead to a decrease in the reliability). 
 
It should be noted first that the unknown θiparameters involved in the correction term are 
actually the coefficients assigned to functions supposed to explain the systematic error; their 
choice is necessarily subject to a certain subjectivity[ONA 02].  
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This representation makes the hypothesis of homoskedasticity (σmod independent of X). εmodis 
generally considered to be a normal variable. Furthermore, the authors suggest to use as a 
correction term(X, θ) =  𝜃𝑖
𝑝
𝑖=1 . ℎ𝑖(𝑋). 
 
This introduces an assumption of linearity in θi parameters. This also implies that it is 
possible to separate the parameters and the basic Xvariables; this hypothesis, given the 
difficulty in gathering sufficient to define with precision the corrective term (expression), 
seems quite pragmatic. The number p of parameters must be as limited as possible, in order to 
have a precision of the estimators as good as possible. 
Functions hi are chosen by expert judgement based on the underlying physics-related items 
and possibly function of experimental data. It can be, as in [GAR 02]: 
 
 Elementary terms appearing in the𝐺(X) function; 
 A constant term (equal to 1) corresponding to a systematic bias ; 
  Some basic random variables X ;  
 Terms built from random basic variables X and having a precise physical meaning. 
 
In addition, it may be desirable to give these different terms a dimensionless character. It 
should be noted that the hifunctions can perfectly be correlated (i.e. contain common 
variables), while the i parameters or their estimators can also be correlated (statistically). 
 
It is desirable also that the final expression of the model retains a certain simplicity and is 
consistent with the deterministic model of base; it may however be appropriate to apply an 
iterative procedure, and to leave at the beginning with a relatively large number of terms. 
Thus, at the beginning of the procedure,Gardoni[GAR 02]goes with a number of p 
hifunctions greater than the dimension of the deterministic model (i.e. the Xvector). The 
terms of lesser impact are then removed sequentially. A criterion to eliminate terms is to 
compare the variability of the estimator of parameter i with mod. If this variability is too 
high, the corresponding term can be removed, especially if this removal does not significantly 
increase mod. 
 
In terms of type of uncertainty, it should be noted that εmod represents two types of 
uncertainty:  
 
 the uncertainty related to the omission of variables in the expression of the model, 
(irreducible: aleatory uncertainty), unless the omission is deliberate and can be 
reviewed; 
 theuncertainty associated with residual error due to the incorrect form of the model 
after correction, type epistemic (assumed reducible); the model having undergone a 
correction, we can assume that this contribution is of lesser importance compared to 
the previous contribution.  
 
However, in practice it is difficult to distinguish between these two types of uncertainties. 
 
7.2 Second common expression: unknown parameters 
integrated to the physical model 
 
Alternatively, the unknown parameters are sometimes integrated to the physical model 
instead of the corrective term. Such an expression can be found in [AUD 14] and [ATA 12], 
where it has been used for a detailed application. It reads: 
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Y(X) = G(X, θ) + (X) + ε(X) (3) 
 
Where: 
 
 X denotes in [ATA 12] the control variables (i.e. the variables that can be controlled 
during an experiment) : these variables are not updated during bayesian updating ; it 
should be noted that one can extend the definition to the case of the observable or 
measurable variables because one can have exactly the same type of 
validation/calibration problems addressed and the same statistical answers if X 
cannot be controlled but at least observed;  
 θ = (θ1, θ2, …, θp) denotes the set of unknown parameters (variables) of the model, 
used for calibration; 
 Y(X) denotes the measurements; 
 G(X, θ) denotes the deterministic selected base model (prediction), including the 
unknown parameters; 
 (X)denotes the systematic bias, assumed to depend only on X; 
 ε(X)denotes the experimental error, supposed to be a Gaussian centered variable. 
 
Note that in [ATA 12] this representation applies to the measurements Y(X), and 
consequently it is not completely comparable to the expression of last paragraph 6.1 which 
considers the reality without measurement error. However, it could apply in the same way to 
the reality. 
 
Note also that for a more general purpose, in this case where the measurements Y(X) are 
considered, the error term should in fact include experimental and model error, and be the 
sum of the two different terms ε(X) = εexp(X) + εmod(X). However, these terms may be 
difficult to identify separately and this may be the reason why they are not distinguished in 
this expression. It can be noted also that here, this error variable is supposed to be dependent 
on the control variables X. 
 
However, the most significant difference between expressions (2) and (3) of paragraphs 6.1 
and 6.2 is that in expression (3), the idealized physical model can be calibrated and not (only) 
a corrective term. Consequently, as a synthesis of both expressions, it is suggested in this 
paper to propose a more general expression, in which the parameters to be calibrated could be 
both in the physical model (physical parameters) and in the corrective term (statistical 
parameters). This expression could read: 
 
Y(x) = G(x, G) + (x, ) +  (x, )  (4) 
 
Where: 
 
 G denotes the set of physical parameters to be calibrated (physical model) 
 denotes the set of statistical parameters to be estimated (corrective term) 
 denotes the parameters of the conditional law of  given X 
 
The interest of this expression could be to separate identification problems. 
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7.3  Some common simplifications or assumptions 
 
1 Frequently, the model is assumed to be unbiased, only the residual error is to be 
estimated and for this term the following situations appear:  
 
 covariance matrix of the error (multidimensional model); 
 diagonal terms equal to zero; 
 Homoskedasticity: constant terms of the covariance matrix. 
 
2 Almost systematically, the error term (which can include model error, experimental 
error or both) is assumed to follow a normal distribution (or lognormal in the case of a 
multiplicative term). No exception was encountered. 
 
3 In consistence with codified rules, the basic deterministic model is sometimes very 
simplified. Kaminski [KAM 08] presents a case where the model is the basic case R – S, with 
R and S assumed to follow a Gaussian distribution. The only issue is then to estimate the 
variation coefficient of the model error. 
 
8. Model uncertainty in the SICODYN Project 
As mentioned at §2, the SICODYN project is particularly concerned with model uncertainty, 
and three methods have been employed for this particular application. This section provides a 
short overview of each approach.  
 
8.1 The Lack of knowledge theory (LOK) 
 
In case of epistemic uncertaintiesresulting from a lack of knowledge (like in the case of 
model uncertainty), it seems interesting to look for the solution inan interval rather than 
conducting a global stochastic search. The concept of lack-of-knowledge is based on the idea 
of globalizing all sources of uncertainty on the substructure level using a scalar internal 
variable (named LOK variable) definedover an interval whose upper and lower bounds 
follow probabilistic laws [PUE 05, DAO 14]. The lack-of-knowledge theory can be 
considered as an extension of theinterval theory where the endpoints are random variables, 
which is supposed to reduce the output uncertaintiesoverestimation [DAO 14]. In that way, 
this method seeks to quantify the difference between an accurate deterministicmodel and a 
family of real structures containing uncertainties. This stochastic visionapproach represents 
physical reality.Indeed the production of a structure is always imperfect,consequently the 
transition from theoretical model to a real one is always followed by uncertainties.The 
available data in the real world differs, sometimes significantly, from theoreticalinformation, 
which is deterministic. 
 
Although this presentation is general, it has to be mentioned that the LOK theory has been 
developed only in the framework of structural dynamics. 
 
The starting point of the LOK theory is to consider a theoretical deterministic model, towhich 
a lack-of-knowledge model is added. To each substructure E two positive scalar variablesare 
associated, called basic LOKsand defined as follows [DAO 14] : 
 
−𝑚𝐸
− 𝜃 . 𝐾𝐸    ≤ 𝐾𝐸 𝜃 −  𝐾𝐸     ≤  𝑚𝐸
+ 𝜃 . 𝐾𝐸     
 
(5) 
where𝐾𝐸 𝜃 and 𝐾𝐸    are the stiffness matrices of E, for the real structure and the theoretical 
deterministicmodel respectively. This definition can be linked to the fact that the presence of 
uncertainparameters in a structure, or substructure, most often results in a modification of its 
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stiffness. Alluncertainties found in the substructure E are contained in a LOK m that lies 
within the interval[-𝑚𝐸
− 𝜃 ;𝑚𝐸
+ 𝜃 ]. 
 
In fact, the LOK theory is formulated in terms of the strain energy rather than directly on the 
stiffness matrix. Then, once the basic LOKs have been defined, an effective LOK is defined. 
 
[DAO 14] presents the application of the LOK theory first to an academic truss structure, and 
then to a complex 3D assembly inspired from the geometry of the booster pump studied in 
SICODYN. 
 
8.2 The generalized probabilistic approach in structural 
dynamics 
 
It has been developed in the specific framework of computational structural dynamics. The 
theoretical framework is presented for example in [SOI 13], and an application to the 
SICODYN Sulzerbooster pump is given in [BAT 14]. It is an improvement of the so-called 
non parametric approach of uncertainties in computational structural dynamics. 
 
 
Figure 2 – Principle of the generalized probabilistic approach 
 
The non parametric probabilistic approach of uncertainties has been introduced to take into 
account both the model-parameter uncertainties and the modeling errors inducing model 
uncertainties without separating the contribution of each one of these two types of 
uncertainties. The improvement mentioned allows the prior stochastic model of each type of 
uncertainties (model-parameter uncertainties and modeling errors) to be separately 
constructed (figure 2). Note that both types of uncertainties, due to the particular form of the 
dynamics differential equations, make use of the random matrix theory. In the generalized 
probabilistic approach, the modeling errors are not taken into account with the usual output-
prediction-error method (i.e. the additional error term  considered in equations (2, 3, 4)). 
They are directly integrated to the model, and this could correspond to the expression Y(x) = 
G(x, G), following Eqs. (3) or (4). When comparing to Eq. (6) below, it appears that in this 
expression the X vector of the model parameters would rather correspond to G, and the 
external forces and moments to x; Y corresponds to the displacements and/or rotations.  
 
Note that in the particular context of structural dynamics, the npinput variables components of 
the random vector X are considered as model parameters, and the related uncertainties are 
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parametric uncertainties. It may be due to the fact that they do not correspond to physical 
inputs, constituted by the external forces and moments. 
 
More precisely, when considering the mean computational model obtained for given nominal 
values of the parameters, the dynamical equation of the mean computational model reads: 
 
 𝑀 𝑋  . 𝑦 𝑡 +   𝐷 𝑋  . 𝑦 𝑡 +   𝐾 𝑋  . 𝑦 𝑡 +  𝑓𝑁𝐿 𝑦 𝑡 , 𝑦 𝑡  ; 𝑋 = 𝑓(𝑡, 𝑋) 
 
(6) 
In which: 
 y(t) is the unknown time response vector of the m degrees of freedom 
(displacements and/or rotations); 
 𝑦 𝑡  and 𝑦 𝑡 are the velocity and acceleration vectors respectively; 
 f(t, X) is the known external load vector of the m inputs (forces and/or moments); 
 [M(X)], [D(X)] and [K(X)] are the mass, damping and stiffness matrices of the 
mean computational model, which belong to the set of all the positive-definite 
symmetric (m  m) real matrices; 
 (y,z) ⟶fNL(y, z ; X) is the nonlinear mapping modeling local nonlinear forces. 
This problem can be transformed into the usual eigenvalue problem that reads: 
 
 𝐾 𝑋  . 𝜑 𝑋 =  𝜆 𝑋 .  𝑀 𝑋  . 𝜑 𝑋  (7) 
 
In which: 
 𝜆 𝑋 is the eigenvector corresponding to the eigenvalues of interest (first n 
modes); 
 𝜑 𝑋 is the associated vector of mode shapes. 
Note that the eigenvalues i(X) are equal to the square of the corresponding eigenfrequencies. 
 
The prior distribution of the random vector of the model parameters X can be determined by 
using the maximum entropy principle (this is the case in the SICODYN application [BAT 
15]). Then, the identification problem consists in determining the statistical parameters of the 
joint distribution of the model parameters (called here hyper-parameters). The hyper-
parameters should also include the non parametric terms characterizing the modeling errors. 
This is a classical statistical inverse problem, solved by minimizing a distance between 
experimental observations and model computations; the hyper-parameters are identified using 
the maximum likelihood method and the experimental modal data related to the 
computational modal quantities. 
 
In the SICODYN application [BAT 15] the number np of model parameters is equal to 9 (2 
Young's moduli, 3 thicknesses, 4 stiffnesses), resulting in 18 hyper-parameters; only 2 
additional hyper-parameters are considered for the nonparametric uncertainties (modelling 
errors), one for the mass matrix [M] and one for the stiffness matrix [K]. In this application, 
this non parametric model uncertainty is considered in a very global manner. 
 
8.3 The combined use of component mode synthesis and 
uncertainty analysis 
 
The combined use of the component mode synthesis and the uncertainty analysis is a possible 
way to estimate the total numerical uncertainty. 
Component mode synthesis (CMS) methods are useful for the analysis of structures that are 
built-up of several components. The components are modeled individually and their dynamic 
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models, represented by modal bases, are assembled to produce a much smaller model of the 
whole structure. 
 
 
 
Figure 3 – Component mode synthesis as a framework for uncertainty analysis 
 
A first benefit of CMS is, in the context of analysis of structures with uncertain properties, 
that the computer time related to repeated deterministic problems is drastically reduced, 
which allows to take into account the statistical independency of the components and the 
joints. As a consequence, reanalysis, only required for uncertain elements, is less time 
consuming.  
The second benefit is that uncertainties in properties can be naturally and straightforwardly 
introduced at the component level (figure 3); properties concerned can be either component 
or joint model parameters, such as material characteristics,or component modal 
characteristics. What is making a distinction between well-known methods to estimate 
parametrical uncertainty estimation and the present methodology is that variations on 
component modal characteristics both reflect the model and parametric component 
uncertainties. In that way, it constitutes an original means to take into account the model form 
uncertainty. Furthermore, one can have a precise idea of the uncertainties related to modal 
component characteristics, directly issued for instance from variability observed via a 
numerical benchmark.  
Third, qualitatively different uncertainty descriptions can be combined, with some 
components being described probabilistically, some possibilistically. 
This method has beensuccessfully applied on a two-component sub-system of the pump, 
considering variation in component eigenvalues, whose variation intervals have been directly 
deduced from variability observed in about ten different models built within the  numerical 
benchmark [AUD 13].  
 
9. Conclusion 
 
For a long time, deterministic approaches have been taking account of model uncertainty 
through model coefficients (applied to resistance and/or load variables), which are sometimes 
included in standards or regulatory procedures. However, the model coefficient is not 
rigorously defined in the deterministic approach: it can in practice cover uncertainties that are 
not due to modelling, and model uncertainties may be covered by other methods. 
It has been remindedin this paper that it is acceptable (although not a unique possible 
framework) to propose a probabilistic representation of model uncertainty, thanks to the 
original justification proposed by Ditlevsen: the “real” limit state surface can be considered as 
a random, unknown disturbance of the idealized surface used for the analysis. 
 
A variety of probabilistic modellings for model uncertainty appear in the literature, and some 
of them have been presented in this paper. Their equivalence is not automatic; its 
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investigation is out of the scope of this paper. However, some common issues can be pointed 
out. All modellings include unknown parameters as well as a residual error term. These 
parameters,likely to be calibrated to improve the predictability of the model, are incorporated 
either to the base model, or, in the most common representation, to a corrective term 
representing the systematic bias of the base model. It could be suggested to propose a more 
general representation, where the parameters to be calibrated could be both in the physical 
model (physical parameters) and in the corrective term (statistical parameters). Depending on 
the representations, the residual error is either a model error, or a mixed term combining 
model error and experimental, or just an experimental error. Various simplifications are 
encountered: Gaussianerror (no exceptions), unbiased model (no corrective term). 
 
This work was an input to the SICODYN research project aiming at a better predictivity of 
structural dynamics models. Consequently, some indications about the uncertainty treatment 
methodologies applied in this project have been given (Lack-of-knowledge theory, 
generalized (i.e. parametric and non parametric) probabilistic approach of uncertainties, and 
the component mode synthesis as a framework for uncertainty analysis). 
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